Uniformly asymptotically Zhukovskij stable orbits  by Ding, Changming & Soriano, J.M.
ELSEVIER 
An Intemational Journal 
Available online at www.sciencedirect.com computers &
8c,..c. ~o, .=cT.  mathematics 
with applications 
Computers and Mathematics with Applications 49 (2005) 81-84 
www.elsevier.com/loeate/camwa 
Uniformly Asymptotically 
Zhukovskij Stable Orbits 
CHANGMING DING 
Department of Applied Mathematics 
Zhejiang University of Technology 
Hangzhou, 310032, P.R. China 
cding©ma±l, hz. z j .  cn 
J .  M .  SORIANO 
Departamento deAn£1isis Matem£tieo 
Pacultad e Matem£ticas, Universidad e Sevilla 
Apartado 1160, 41080 Sevilla, Spain 
(Received December 2003; revised and accepted June 2004) 
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Zhukovskij stable. @ 2005 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
Many different concepts of stability appear in the mathematical nd physics literature. Studying 
how the stability of an orbit impacts the structure of its limit set is an important subject. In a 
recent paper [1], the author considers the differential equation, 
= f(x) ,  x e a c R n, (1) 
where O is a closed bounded domain in R n and f E Cr(G) (r k 1). He states the following 
result. 
If the solution x(t, xo) of (1) is uniformly asymptotically Zhukovskij stable, then its omega limit 
set is a periodic orbit. 
This conclusion and its proof are also published in [2], almost word for word. However, we 
think both the proofs have some errors in them. 
(a) In the proofs of [1, Theorem 5.1] and [2, Theorem 2.1], the Poincar~ map Ct should not 
be defined by the same t, for all y E Dz(xo). Otherwise, diam(¢t(D~(x))) ~ 0 does not 
hold as t ~ +co. 
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(b) Also in those proofs, it is necessary to exclude the point w in the omega limit set of z(t, x0) 
from being a fixed point, since it is impossible to define a cross-section Do(~) for a fixed- 
point a~. Note that if an orbit does not tend to a fixed point, this does not imply that there 
are no fixed points in its omega limit set of the orbit. It is easy to find examples where 
the omega limit set of an orbit consists of regular points and fixed points, e.g., singular 
closed orbits (see [3]). 
At the same time, we think that the above conclusion is true (see [4]). Further, in [5], the 
concept of Zhukovskij stability (for definition, see the next section) is generalized to flows defined 
on a metric space and it is proved that the above conclusion is true for a flow defined on a locally 
compact metric space. 
The goal of this article is to discuss the inverse problem, i.e., if the omega limit set of an orbit 
is a closed orbit, is the orbit uniformly asymptotically Zhukovskij stable? Of course, it is not true 
when the limit set is a fixed point, e.g., the orbit is one branch of the stable manifold of a saddle 
point. Generally speaking, the assertion does not hold for higher-dimensional systems, e.g., the 
system x = y + x[1 - (x 2 + y~)], y = -x  + y[1 - (x 2 + y2)], ~ = z has a hyperbolic periodic 
orbit {(x,y,0) E R 3 ]x  2 +y2 = 1}, obviously this closed orbit is not stable. A (continuous) 
flow on the plane R 2 is a continuous mapping f : R 2 × R -~ R 2, which satisfies f (x,O) = x, 
f ( f (x ,  t), s) = f (x ,  t + s), for all x C R 2 and t, s C R. The following theorem is our main result. 
THEOREM 1. Let f be a (continuous) flow on the plane R 2. For x e R 2, i f  the orbit 7(x) = 
{ f (x ,  t) I t E R} is not dosed and its omega limit set w(x) is a nontrivial stable iimit cycle, 
then 7(x) is uniformly asymptotically Zhukovskij stable. 
REMARK. If there exist closed orbits in any neighborhood of ~(x), i.e., ~(x) is not an isolated 
closed orbit, the theorem does not hold. On the other hand, the conclusion is obviously true, 
when w(x) is an asymptotically stable fixed point. 
THEOREM 2. I f  the nondosed orbit 7(x) is positively Lagrange-stable and its omega limit set w (x) 
contains a regular point, then ~(x) is asymptotically Zhukovskij stable. 
2. THE PROOF OF THEOREM 
At first, we present some notations and definitions. Let f : R 2 x R --~ R 2 be a flow on the plane. 
Write x.  t -- f (x ,  t), so ~/(x) = x.  R and 7 + (x) = x.  R + are the orbit and the positive semiorbit, 
respectively, of a point x C R z. In addition, we always let B5 (x) = {y C R 2 I d(x, y) < 5} be the 
open disc with center x • R 2 and radius 5 > 0. For a subset X in R 2, define U(X, c) = {y C R ~ [ 
d(y, X) < e}, for e > 0, where d(y, X) = inf{d(y, x) [x  • X}, and call it the generalized open 
C-disc about X of radius e. An orbit 3'(x) is positively Lagrange-stable provided the closure of 
7 +(x) is compact. 
DEFINITION 1. The orbit z • R of a point x in R 2 is Zhukovskij stable provided that given 
any e > O, there is a 5 = 5(e) > O, such that for anyy  • B~(x), then one can find a time 
parameterization "Zy, such that d(x.  t, y .  Ty(t)) < ~ holds for t > 0, where "ry is a homeomorphism 
from [0, +oo) to [0, +oo) with vy( O) = O. Moreover, if d (x . t ,y  .-ry( t ) ) ~ O, as t --* +oo also holds, 
the orbit x • R is said to be asymptotically Zhukovskij stable. 
Note that if the homeomorphism Ty is the identity map ~-y(t) = t, for each t • [0, +oo), then, 
Zhukovskij stabilities just correspond to Lyapunov stabilities. 
DEFINITION 2. (See [5].) The orbit x • t~ of a point x is uniformly asymptotically Zhukovskij 
stable provided that given any ~ > O, there is a 5 > O, such that for each t I > 0 and y • B~(x. tl), 
one can find a time parameterization Ty, such that d(x.  (t + t'), y .  Ty(t)) < £ holds for t > O, and 
also 
d (x (t + t ' ) ,  v ~, (t)) -~ o, as t ~ +oo,  (~) 
where Ty is a homeomorphism from [0,+oo) to [0, +o~) with "ry(O) = O. 
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Geometrically, the semiorbit y. _R + will stay in a long tube of x.  R + with different ime scales, 
and the tube gets thinner and thinner as time tends to infinity. 
PROOF OF THEOREM 1. Suppose that the omega limit set a;(x) =/ :  of a nonclosed orbit 7(x) is a 
nontrivial closed orbit. Choose a point O E £: and make a transversal T at O; then, the positive 
semiorbit 7+(x) crosses T in the same direction successively at x • t~ with 0 < tl < t2 < " '  
(ti ~ +oo) and x .  ti tends monotonously to O along T (see [6, Chapter 7]). 
Now, for any e > 0, U(£,e) = {y E R 2 [ d(y,E) < e} is an open neighborhood of the closed 
orbit E, where d(y,£) = inf{d(y,q) I q E E}. Thus, there exists a tk  such that x .  [tk, +co) = 
~/+(x. tk) C U(£, e/2). If we let ~'i = tk- l+i  (i = 1, 2, 3, . . .  ), the positive semiorbit 7+(x) can be 
written as 
x .  R+ = x .  [o, u x .  u . . .  u x .  u . . . .  
By the definition of tk, we have Ui°°__l x .  [Ti, Ti+l] C U(£:, c/2), in fact, x • [~-~, -i+1] lies in the 
annular region surrounded by £, x .  [~-i-l,zi] and a segment of T. Since £ is a stable limit 
cycle (an isolated stable closed orbit), we may assume that w(y) = £ holds for any y E U(£:, c). 
By continuous dependence on initial conditions and the compactness of x .  [0, T1], we may take 
a 5 > 0, such that for any t' > 0 and p E B~(x. t') both the relations w(p) = £ and p-  R + C 
U(x. [0, T1], e/2) U U(£, E/2) hold. Let To = 0 and assume t' E [~'k', ~'k'+l), for some nonnegative 
integer k ~. Define hi = ~'k,+~, for i = 1, 2, 3 , . . . .  Then, the semiorbit p .  R + eventually enters 
U(£, e/2) and crosses T successively at pl, p2, . . . ,  pn, . . . ,  where p~ = p .  0n (n = 1, 2, 3 , . . . )  
and 0n ~ +oo (0 < 01 < 02 < ""  < 0~ < . . . ) .  Moreover, for a sufficiently small 5, we 
may suppose that both 101 - )~1] and dH(x. [t', ~I],P" [0, 01]) are small enough, where dH is the 
Hausdorff metric between subsets in R 2 (see [7]). Also, {p~} tends to O monotonically along T. 
Using a flow box, it is easy to construct a homeomorphism h0 : [0, A1] --~ [0, 01], such that 
d(x. (t + t'),p, ho(t)) < e holds for t E [0, ),1]. On the other hand, if e is small enough, each point 
in U(£, e) lies on the transversal Tp at a point P E £. Thus, for each i (i = 1, 2, 3 , . . .  ), we define 
a homeomorphism hi : [hi, )~i+1] ~ [0~, 0~+1] as follows. If the solution arc x .  [A~, Ai+l] intersects 
the transversal Tp at P E £ with the time parameter hip and the solution arc p .  [0~, 0i+i] 
intersects the transversal Tp with the time parameter 0~p, then, let h~(Aip) = Oip. 
Next, by the Glueing lemma ([8, p. 50]), we construct a homeomorphism Tp : [0, +co) --, 
[0, +co), satisfying ~-p ][~,,~+~]= hi (i = 1, 2 ,3 , . . . )  and rp I[0,~]= h0. Since both the positive 
semiorbits x • R + and p .  R + circle the closed orbit £, they also must approach their common 
limit set £. By continuous dependence on initial conditions and the definition of ~-p, it is easy to 
verify that all the conditions in Definition 2 hold. Hence, we have proved that the orbit ~/(x) is 
uniformly asymptotically Zhukovskij stable. 
REMARK. If ~/(x) is an asymptotically Zhukovskij stable closed orbit, by a similar argument, it 
is easy to show that 7(x) is uniformly asymptotically Zhukovskij stable. Certainly, the closed 
orbit £ in the proof is also uniformly asymptotically Zhukovskij stable. Since the omega limit set 
of a uniformly asymptotically Zhukovskij stable orbit is a closed orbit ([5, Theorem 3.4]) or empty, 
we conclude that a positively Lagrange-stable orbit is uniformly asymptotically Zhukovskij stable 
if and only if its omega limit set is an asymptotically Zhukovskij stable closed orbit. 
PROOF OF THEOREM 2. Since now p lies in B~(x), a similar, but simpler, argument han used 
in the proof of Theorem 1 applies to this case. Observe that the hypotheses of Theorem 2 imply 
that the limit set w(x) is compact and connected. We choose a regular point O E w(x) and 
make a transversal T at O. Assume that ~/+(x) crosses T in the same direction successively 
at x . t i  with 0 < tl < t2 < .. .  (ti ~ +co) and x . t i  tends monotonically to O along T, 
while 7+(x.tl) C U(w(x), c/2) holds for a given e > 0. Next, let 5 > 0 be small enough, such that 
for each p E B~ (x), ~/+ (p) C V(x. [0, tl], c/2] U U(w(x), e/2) holds. Since T is a transversal, we may 
suppose that the semiorbit 7+(p) crosses T successively at Pl, P2, . . . ,  p~, . . . ,  where Pn = P" 0~ 
(n = 1,2,3 . . . .  ) and 0~ -* +co (0 < 01 < 02 < .. .  < 0n < - . . ) .  Moreover, for asufficiently 
small 5, we may suppose that both 101 - t~]  and dH(x. [0, t l ] ,p .  [0,01]) are small enough. Of 
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course, {p~} tends to O monotonica l ly  along T. Thus, both  "7+(x) and 7+(p)  circle around the 
w(x),  and also approach it. Hence, we can direct ly define the homeomorph isms h0 : [0, tl] -* [0, Ol] 
and hi : [ti, t i+l] -~ [O~, 0~+1] for i = 1, 2, 3 , . . . .  Then,  the result  follows just  as in the proof of 
Theorem 1. 
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